
Measure Theory with Ergodic Horizons
Lecture 16

Integration.
Given a measurable space (X

,
B)

,
we denote

L : = < (X
,
B) : = the set of all B-measurable real-valued functions X-RR : = (-

+, +-]

Lt : = L
+ (X

, B) : = (f( ((X, B) : F2 03
.

Note that L(X
,
B) is a rector space closed under products and limits

,
while L(X

,
B) is also

closed under non-negative linear combinations
,

products and limits (in particular ,
under infinite sums).

Def
.

An integral on ((X, B) is a otbly additive non-negative linear functional I: (X,
1) -> 1R

,
i

.

e.

() Ildf + Bg) = ↓ . I(f) + BIlg) for all I,get and all G
,

BETR such that hftRgElt,

(i) Il =0 for all felt
,

so feg = I(f) < I(g).

(iii) I(ful= (f) for allf

Observation
. Every integral E on L(X, B) defines a measure M on

1 by

(B): = [(1B) .

Proof
. M(0 = I (0) = O by linearity (i)

,
and the otbl additivity is by (iii).

We would like to show the converse of this :



Theorem. For every measure M on (X
,

23) here is a unique integral En ,
called the integral

over M ,
such that Min = M.

Remark
. Every integral I on [(X

,
B) uniquely determines a linear functional on a subspace

of L(X
,

B).

Proof
.

Indeed
, every

to L(X
, B) decomposes-f+ Fe by taking

↓ (x):= - f(x) iff0 and := (f) if

So we are forced to define I/f) := Ilf)-Ilf) and this is well-defined

for those feL(X
,
B) for which Ilf <& and I(f) <&

Play now given a measure space (X
,
B
,

M)
,

we define an integral Front (X, Measu.

We will denote is integral by Stdmffdu(x) := In(f).

Def
. A p-measurable function F: X-IR is called simple if it is a (finitel linear

combination of indicator functions of momeasurable sets. For any
such function f

with a representation F = ZaiABi
,

we define
i = 0

Jam= Zaim(Bi
HW : This is well-defined

,
i

. e . does not depend on the choice of representation .



Prop .
A m-measurable function fix-> IB is simple if and only if f(x) = IR is finite.

Proof
.

HW
.

For a simple function f:X-> 1D
,

let f(x) = 300
,

a
,,...,

an3 .

Then

f = Zai . Aft (ai)i = 0

is called the standard representation of f.

Prop .
The integral on the rector space s of simple functions satisfies the following :

(i) Linearity : J + Bgdm = /RM+ RIGdM for all f
,ges und d

,BEIR.

(ii) Non-negativity : fa => (FdML-O , in particular
, tag => Ifdm/gde.

(iii) JFdm = 0 = f = 0 a .
e.

(v) If2-0 then the function o defined on all momeasurable sets B by

is a measure
.

M(B) := fam :=J d -f
Proof

.

We only preve live
.

For this
,

we only have to show etbladditivity .
Let B=Br

,

and fix a representation fai1Ai. Then by otbl additivity of M

(B) = (t -1 = ) AirBn=iMABM

===



Having the integral defined for simple functions
,

we may define it for all of L(X
, Messpl

as follows : for fel(X
, Measu) :

JERM := supSJgdM : gEL
+ (X

, Measu is a simple function).

This definition is only motivated if we prove that wean approximate every fel

with imple functions from below.

Prop . (a) For each felt(X
, b) there is an increasing sequence (fu) of non-negative simple functions

If such that for of
,

i
. e

.

limthef and to fit
....

Moreover
,

the convergence is uniform
n->d

on every set XIX on which f is bounded
,

ine .

Ilfuly-Flyilla-0 as ne &,

where Ilf-glln : = sup(f(x) - y(x)) .

XEX

(6) For each fEL/X
, h) there is a sequence (fu) of simple functions such that Ifoll ... (f)

and fe-f
.

Moreover
,

the
convergence uniform on evers set XX on which F is bounded.

Proof
.

(6) follows from (a) by getting increasing sequences (fit and (fit of non-negativesimple
functions approximating F- andfo as in (a)

,
then verifying that fui= fut-Eu is as

desired.
IR

+"(2" 1
, %) = B

,

&" (2" 2 ,
&) = B

,

(a) to define In
,

we "cutoff"the range
off 4 :

&
"

(2" 3
,

a) = By

at 2 and split the rest 10
,
2 into

Both
w

-

1-
A

-

p *

*



sitpiet.
Note that An = BralBr for all 12"? Note But on Xui= #"10

,
2"]),

we have Ilfulxifixalla = 2% Since Xn * X
,

i
.

e .
Xo = X

, EXz= ... and

Xu = X
,

we get that for each xEX
,
limfulx) = f(x)

.

Moreover
,
if f is

n-> a

boaded on a set XIX
,

Hen X = Xm for some men
,
and for all herm ,

we have 1/fulxm-Exall = 2
- "

,
so the convergence is uniform or Xu

Lastly ,
note that if f(x) = & then by construction

,
fulx) =-0 = f(x)

.


